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In this paper, the exp-function method is applied by using symbolic computation to construct a
variety of new generalized solitonary and periodic solutions for the Burgers-Kadomtsev-Petviashvili
and Vakhnenko equations with distinct physical structures. The results reveal that the exp-function
method is very effective and powerful for solving nonlinear evolution equations in mathematical

physics.
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1. Introduction

In the theoretical investigation, directly seeking ex-
act solutions for nonlinear partial differential equations
has become one of the central themes of perpetual in-
terest in mathematical physics. Nonlinear wave phe-
nomena appear in many fields, such as fluid mechanics,
biomathematics, plasma physics, optical fibers, chemi-
cal physics, and other areas of engineering. These non-
linear phenomena are often related to nonlinear wave
equations. In order to understand better these phenom-
ena as well as to apply them in the practical life, it
is important to seek their approximate solutions or
more exact solutions. A variety of powerful methods
have been developed for obtaining approximate and
exact solutions for various nonlinear equations like
the variational iteration method [1-3], F-expansion
method [4, 5], tanh-function method [6 — 8], Adomian
decomposition method [9, 10], homotopy perturbation
method [11,12], and so on.

In this paper, we consider the Burgers-Kadomtsev-
Petviashvili (Burgers-KP) equation in the following
form [13]:

(0t + ity + Vit )x + Aty =0, (1)

where y and A are arbitrary constants. The Kadomtsev
and Petviashvili equation is used to model shallow-
water waves with weakly nonlinear restoring forces.
If the surface tension is weak compared to the grav-
itational forces, then A = 1 is used. However, if the
surface tension is strong, then A = —1 is used. The

Burgers equation is a second-order partial differen-
tial equation and it is used to describe the structure
of shock waves, traffic flow, and acoustic transmis-
sion [14]. The multiple-front solutions for the Burg-
ers equation and the coupled Burgers equations are ob-
tained in [15]. Very recently, Wazwaz [13] has obtained
single and multiple-front solutions for the Burgers-
Kadomtsev-Petviashvili equation using Hirota’s bilin-
ear method and the tanh-coth method.

Next, we consider the propagation of high-frequen-
cy waves in a relaxing medium, governed by the so-
called Vakhnenko equation [16]

Ullyyy — Uyllyy + uzu, =0. 2)

In [16], the soliton solutions for the Vakhnenko equa-
tion have been obtained by the inverse scattering
method. The one-loop soliton solution of the Vakh-
nenko equation by means of the homotopy analysis
method is obtained in [17], but the obtained solution is
just an approximate solution. However, the Vakhnenko
equation has loop-like soliton solutions, and thus it is
not easy to solve and obtain more exact solutions [16].

Another important method used to obtain exact so-
lutions of nonlinear partial differential equation is the
exp-function method [18]. The exp-function method is
one of the most effective methods for solving nonlin-
ear equations and it has been successfully applied to
many kinds of nonlinear evolution equations [19—-32].
The main purpose of this paper is to obtain generalized
exact solutions, which include new periodic and soli-
ton solutions of (1) and (2) by using the exp-function
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method. By using this method, it is possible to obtain a
variety of generalized solitonary and periodic solutions
for nonlinear evolution equations with distinct physical
structures.

2. Solution of the Burgers-Kadomtsev-Petviashvili
Equation

In order to obtain the solution of (1), we consider the
transformation u = v(n) , N = kx+ ly + ¢, where k,/,
and o are constants to be determined later. Then we
can rewrite Burgers-KP Equation (1) as the following
nonlinear ordinary differential equation of the form

kv + K2V )2+ IPwW I3 £ AV =0, (3)

where the prime denotes the differential with respect
to 7M. According to the exp-function method [18], we
assume that the solution of (3) can be expressed as

(n) — Zl:;zfca” CXP(”TI)

; “4)
m=—p bm GXP(mn)

v
where c,d, p, and g are positive integers which are un-
known and have to be determined further, a,, and b,,
are unknown constants.

(4) can be re-written in an alternative form [18] as
follows:

v(n) = acexp(cn) +---+a_gexp(—dn)
bpexp(pn)+---+b_gexp(—qn)’

In order to determine the values of ¢ and p, we balance
the linear term of highest order in (3) with the highest-
order nonlinear term. By simple calculation, we have

V= €1 exp[(7p+ C)Tﬂ +-

(&)

6
crexp(8pm) + - ©
and
, cexpl(p+2c)n]+ -
vy =
caexp(3pn) +--- o
_ c3exp[(6p+2c)n] + -
caexp(8pm)+---

where ¢; are determined coefficients only for simplic-
ity. Balancing highest order of the exp-function in (6)
and (7), we obtain

Tp+c=6p+2c (®)
which gives

p=c. €))
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Similarly, to determine the values of d and g, we bal-
ance the linear term of lowest order in (3) with the
lowest-order nonlinear term

no__ o +d eXP[—(7Q+d)n]

)

_ 10
-+ dyexp[(—8¢)n] o
and
e -+ dsexp[—(g+2d)n]
-+ dyexp[(=3¢)n] (11)
- +dzexp[—(6g+2d)n]
- [

-+ +dygexpl(—8q)n]

where d; are determined coefficients only for simplic-
ity. Balancing lowest-order of the exp-function in (10)
and (11), we obtain

—(Tg+d)=—(6g+2d) (12)
which gives
g=d. (13)

Casel.p=c=1,d=qg=1:

We can freely choose the values of ¢ and d. For sim-
plicity, we set p=c=1,b; = 1,and d = g = 1, then
(5) reduces to

_arexp(n)+ag+a—rexp(—1n)

= . 14
(n) exp(n) +bo+ b_1exp(—n) 14

Substituting (14) in (3) and using Maple software
and equating to zero the coefficients of all powers
of exp(nn) gives a set of algebraic equations for
ai,ap,a—1,bg,b_1,k,l, and @. Solving this systems of
algebraic equations using Maple gives the following
sets of nontrivial solutions:

4vkb_1 +a_
ap=—-, aon, a1=a-p,
b4
bo=0, b_1=b_1, k=k I[=1, (15)
. Alzb,1 —|—k2a,1 +2’}/k3b,1
T kb ’
A
ap =ap, do=daop, a—lz—W,
bo=bo, boi=——2 k=k, 1=, (I6)
’ 422’ ’ ’

AP+ Ka -y
k b
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where

A= albo +a1a0 4b0yka1 + 6boajapyk

(17)
—2a3boag — 2yka3 + 4b3a, Y*k* — 4boy*kag
and
A = a3b}+ a} — 2yka b3+ 2ykaobo — 2a1boag. (18)
Substituting (15) and (16) in (14), we obtain the fol-
lowing soliton solutions of (1):
ur(x,y,1) =
(4ykb_1 +a_,)exp(n) +a—1b_iexp(—1)
b-rexp(n) + b2 exp(—7)

19)

i

MPb_4+K2a_4+2yk3b_
kb,

where 11 = kx+ Iy — L) ¢, and
( )

ur(x,y,1) =
4y*k*as exp(n) +4y*k>ap — Aexp(—1)
4y2k2exp(n) + 4y2k*by — Aexp(—n)

(20)

where n = kx+1y— %ﬂt and A, A are defined
as in (17) and (18).

Further, since a_; and b_ are free parameters, we
take a_y = —4kyb_; and b_; = 1, then (19) admits a

new soliton solution as follows:

—4kyexp(—n)

x,yt) =
) = o) + expl(—m)
= —2ky(1 —tanhn), (21)
A2 —2yi3
where N = kx+ Iy — Tyt.
Moreover, if we take a_1 = —4kyb_; and b_; = —1,
then (19) admits the following solution:
u(x,y,t) = 2ky(1 — cothn),
—AL2+2yik3 (22)
where N =kx+1ly+ %t.

The solutions (21) and (22) are similar to the solution
obtained by the tanh-function method [13].
Case2.p=c=2,d=q=2:

As mentioned above the values of ¢ and d can be
freely chosen, therefore we set p=c=2,andd =g =
2. Also there are some free parameters, we set by =
1,b; = b_; = 0 for simplicity, then (5) becomes

v(n) = [azexp(2n) +arexp(n) +ao
+a_jexp(—n) +aaexp(—2n)] (23)
. [exp(Zn) +bo+b_» exp(—2n)]7l .
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By the same calculation as illustrated above, we obtain

a=a, a1=0, ay=ay, a_1=0,

B B
= by=by, b=
T T e 0 T0 P2T T ey (24)

—29k3 4+ k2 A2
k=k, =1, @=__-YCTatir
k
where

B = axal + 12boagykay + a3b}
— 2ad3boag — 8b3ykal — dyka
— 16boy*k*ag + 16bjar Yk

(25)

and

B = aj + 4ykaobo + a3b} — 2asboag — 4ykasbj, (26)

C
a=a, day=dayp, dao= _Wa
472 k2b_
a1 = —Q, a_p=—2vkb_>+ab 5,
ap
27)
167*k*b_ + af P
0=—""F5337 = V-2=b-y,
4}/2k2a%
2 2 23
k=k, =1 @=_ KotA-v
k
where
C = 16a2*k*b_y + aza’ — 2yka?. (28)

Substituting (24) and (27) in (23), we obtain the fol-
lowing soliton solutions of (1):

uj (xvyv t) =
16y’k*>asexp(2n) + 16y*k*ag — Bexp(—2n) (29)
16y2k2exp(21) + 16y2k2by — Bexp(—2n) ’

where 1 = kx + Iy — Mt and B, B are de-
fined as in (25) and (26),

Mz(x,%f) = [47°Kai(azexp(2n) +arexp(n))
—16y*K*a b zexp( 1)+ Cexp(—2n)]
[4y2k2alexp — (16y*k*b 2 +a})

+ 4y2k2a1b,2 exp(—2n)] ! ,

(30)

where C = —8p°kPalb_» + 4y’ k*a3axb_», m = kx +
ly — wt and C is defined as in (28).
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Case3d.p=c=3,d=qg=3:

Now consider the case p=c=3,andd =g =3
with b, =1, b3 = by = b_ = 0, under this case (5) can
be expressed as

v(n) = [azexp(3n) +azexp(2n) +aexp(n) +ao
+a_1exp(—n)+a_sexp(—2n) +a_zexp(—3n)]

[exp(2n) +bo +b_sexp(—2n) +b_zexp(=3n)] .

(1)
By a simple calculation, we obtain
2vkb_3+a_
4y =0, ay=-T03%As
b ;3
. D
0= — "7 577 3.
4y2k2a?b_3
4>y (ayb_o +2ykb_3)
a_| = — 5
ay
472K°b? 5 — a_3b_sa; (32)
a_np—= — s
alb_3
D
a3z=as3, by= —m, b 2=10b >,
b—3 = b—37 k= ka
APb_3+ vik3b_ _3k?
I=1, w=-— 3tYcbs3tas ,
kb_s
where
D =327kb_sa1b_o+64Y°k°b* 5+ a_3a3 33
+ 167"k a1b_sa_3+327kKb_za_3
and
D =a} +16¥k*a1b_»+32b 37K, (34)

Substituting (32) in (31), we obtain the following soli-
ton solution of (1):

u(x,y,t) = [Nexp(Zn) + Niajexp(n)—D
— Nrexp(—1) — Nsexp(—21) + Nja_3exp(—3n)]
- (35)
-[4yK*aib_sexp(2n) + Db_3 + 4V kajb_»
-b_zexp(—2n) + 4V k> aib* , exp(—3n)] _1,

where N = 8pPK’alb_; + 4y’K*aja_s3, Ni =
4y’ K2a3b_3, Ny = 16k*y*alb_ob_3 — 32K5PPa b2 5,

Ny = 16Yk%a?, — 4y’K*aia_sb,, n =
2 3 2 ~

kx + 1y — Al b‘3+7;];f’;3+a‘3k t and D, D are de-

fined as in (33) and (34).
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3. Solution of the Vakhnenko Equation

In this section in order to obtain the solution of the
Vakhnenko equation (2), we consider the transforma-
tion u = v(n), N = kx+ ot, which converts (2) into an
ordinary differential equation of the form

)

o —kovVv' + oviy =0, (36)

where the prime denotes the derivation with respect to
n. By the same procedure as illustrated in Section 2,
we can determine values of ¢ and p by balancing v’
and v*V' in (36). We get
W — crexp[(7p+2¢)n] +--
crexp(9pn) + -+

(37)

and
2y caexpl(6p+3c)n] + -
cyexp(Opm) + -

Balancing highest order of exp-function in (37) and
(38), we obtain

(38)

Tp+2c=6p+3c (39)
which gives
p=c. (40)

By a similar derivation, balancing lowest-order of exp-
function in (37) and (38), we obtain

—(7q+2d) = —(6q +3d) 41)
which gives
g=d. (42)

Casel.p=c=1,d=qg=1:

As mentioned in the previous section, the values of
¢ and d can be freely chosen. For simplicity, we choose
p=c=1,b;=1,and d = g = 1, then the trail function
(5) becomes

S exp(n) +do+a_1exp(—1n)
exp(n) +bo+b_rexp(—n)

Substituting (43) in (36) and equating to zero the coef-
ficients of all powers of exp(nn) yields a set of alge-
braic equations for ay,ag,a_1,by,b_1,k, and @. Solv-
ing this systems of algebraic equations using Maple,
we obtain

(43)

a1 =0, ag=3k*by, a_1=0, bg= by,

b2
b= Zov

(44)
k=ko=o0,
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Fig. 1. Solution of (46) withby =1, k=1, 0 = 1.
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Fig. 2. Solution of (47) withag =1, k=1, 0 = 1.
2
2 )
alz_kv ap = Ao, a*l__—z
16k (45)
2
a() ao
b=y Pz qga K=k oe=0

Substituting (44) and (45) in (43), we obtain the fol-
lowing soliton solutions of (2):

12k%by
ul (X,t) = 4 2 ’
exp(n) +4bo+ biexp(—n)"  (46)
where 1 = kx + ot,
up(x,t) =
—16kS exp(n) + 16k*ag — aZk® exp(—1) @7

16k*exp(n) + 8k2ag + aZexp(—n)
where 1 =kx+ wt.
The behaviour of the obtained exact solutions (46) and
(47) is shown graphically in Figure 1 and 2.

In addition, when k and @ are imaginary numbers,
the obtained soliton solutions can be converted into pe-
riodic solutions. We write k = iK, @ = 12 to obtain
N =1i(Kx+ Qt). Using the transformation

exp(1) = cos(Kx+ Qi) +isin(Kx+ Q1)
and

exp(n) = cos(Kx+ Qt) —isin(Kx+ Qt).
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Then (46) becomes

u(x,1) = —12K>by [(4 + b3) cos(Kx + Q1) +4by 48)
+i(4- b%) sin(Kx+ Qt)] -

If we search for a periodic solution, the imaginary part
in (48) must be zero, which requires that
by = 2. (49)

Substituting (49) in (48) yields two periodic solutions

—-3K?
ulnr) = 1+ cos(Kx + Q1) (50)
and
3K?
= . 1
ux1) —1+cos(Kx+ Qt) oD

Since k =1iK,w =1Q, we write K = —ikand 2 = —i®,
then from (50) we obtain

3k2

2cos?(—kx _ lax)

u(x,t) =
_ 3K (52)
2cos?(—i(& +4))

35 5 kx ot
_steCh(2+2)'

The solution (52) was similar to the solution obtained
in [33].

Case2.p=c=1,d=qg=2:
For simplicity, we set p=c=1,by =1, and d =

q = 2, then by the same procedure as illustrated in Sec-
tion 2, we obtain the following equation:

v(n)= ayexp(n)+ao+a—_jexp(—n)+a_rexp(—2n)
exp(n) +bo+b_1exp(—n) +b_sexp(—2n) "
(33)

By the same calculation as illustrated in the previous
subsection, we obtain

ai :Ov ap=4dg, da-1=4a-—i, 6172:0»
b 3k*a_ +dj  12K%a_ +d}
0T T2, 0 ' T T 36k 0O
b=l ik w=o,
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a; =k, ay = ao,
 5k*b3 + 2k*aghy — 3aj
a-1= 1212 ’
P (—ap + 3k*agh} + 2b3K°)
-2 108K+ ’ (55)
bbb 3k*b3 + 2k2agby — a3
0 05 —1 12k4 )
3 4 2 31,6
—ay + 3k apby + 2bpk
b ,= T08K6 , k=k o=o.

Substituting (54) and (55) in (53), we obtain the fol-
lowing soliton solutions of (2):

up(x,t) = [36k4a0(a0—|—a,1 exp(—n))]
- [36Kk*agexp(n) + 12K* A (56)
+ap(12K%a_y +ag)exp(—n) +aga_ exp(—2m)]

where H = 3k?a_; +aj and N = kx + ot,

ur(x,1) = [ — 108kexp(n) + 108k°hg
+9k*H; exp(—n) — k*Ha exp(—2n)]
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